We propose a tree-structured heterogeneous autoregressive (tree-HAR) process as a simple and parsimonious model for the estimation and prediction of tick-by-tick realized correlations. The model can account for different time and other relevant predictors' dependent regime shifts in the conditional mean dynamics of the realized correlation series. Testing the model on S&P 500 and 30-year treasury bond futures realized correlations, we provide empirical evidence that the tree-HAR model reaches a good compromise between simplicity and flexibility, and yields accurate single-and multi-step out-of-sample forecasts. Such forecasts are also better then those obtained from other standard approaches, in particular when the final goal is multi-period forecasting.
of the tree-HAR model is that it belongs to the class of tree-structured threshold regime models, and can therefore be easily estimated and regimes can be confidently interpreted in terms of relevant predictor variables; see for example, Audrino and Bühlmann (2001) and Audrino and Trojani (2006) .
We test the accuracy of the tree-HAR model on the series of daily tick-by-tick realized correlations between S&P 500 and 30-year treasury bond futures, and show that the proposed model is able to mimic well the dynamic properties of the daily realized correlation process and can provide accurate daily and multi-step (that is weekly and monthly) out-of-sample forecasts.
This study contributes to the literature in two ways. First, we collect empirical evidence that realized correlations constructed using tick-by-tick information show drastic regime shifts, supporting the evidence already found in other studies on classical correlations. The presence of structural breaks in the stock-bond correlations is already established in several works in the recent literature. Among these, Cappiello et al. (2006) provided statistical evidence of a structural break in stock-bond correlations due to the introduction of the euro. Li (2002) , Ilmanen (2003) and Christiansen and Ranaldo (2006) report that US stock-bond correlations went from positive to negative after 1997. Guidolin and Timmermann (2004) found empirical evidence that a four-state Markov regime-switching model is needed to capture the joint dynamics of US stock and bond returns. In their empirical study, Pastor and Stambaugh (2003) found that changes in stock-bond correlations are related to different levels of liquidity. Thus, allowing for structural breaks depending on a large set of predictor variables (for example, liquidity) may be relevant for improving forecasting accuracy. This paper differs from the above-mentioned studies mainly because we analyze tickby-tick realized correlations. We contribute to the literature on US stock-bond correlations by estimating local dynamics and incorporating structural breaks in a threshold-type model. The estimated tree-HAR model for daily US stock-bond realized correlations has three limiting regimes (endogenously estimated from the data) which can be interpreted as follows. The first regime is in reaction of US market crashes: in particular, the first regime is characterized by large negative past S&P 500 daily returns, the conditional mean dynamics of the realized correlations are highly persistent, and the volatility of realized correlations is large. The second and third regimes are both characterized by relatively positive 2 past S&P 500 daily returns, but for two different time periods. We identify a structural break in time corresponding to the period February to March 1992. After
March 1992 the persistence of the conditional mean dynamics and the volatility of the realized correlations significantly increase. Moreover, we also find that past individual realized volatilities are relevant predictors for future realized correlations.
Second, we perform a series of out-of-sample tests for the superior predictive ability (SPA; see Hansen, 2005) of our model against a number of competitors using different goodness-of-fit statistics, to verify whether the greater flexibility allowed by the tree-HAR model (with a corresponding higher number of parameters to be estimated) has any value for forecasting. We empirically show that the tree-HAR model systematically outperforms the competitors, particularly when multi-period forecasts are considered.
The remainder of the paper is organized as follows: Section 2 proposes the tree-HAR process as a model for the estimation and forecast of realized correlations. Section 3 presents the empirical application to a bivariate series of S&P 500 and 30-year US treasury bond futures tick-by-tick data. Section 4 summarizes and concludes.
Modeling Realized Correlations

The Model
Empirical evidence on strong temporal dependence of realized correlations has been already showed in Andersen et al. (2001a Andersen et al. ( , 2003 , and Ferland and Lalancette (2006) , among others. This evidence, together with our empirical results reported in Section 3, suggests that realized correlation series are best described by long-memory type of models. Corsi (2004) and Corsi et al. (2006) recently proposed a class of "pseudo-long-memory" models called heterogeneous autoregressive (HAR) models, which, although not satisfying formally the long memory property, are able to successfully model the empirical longmemory behavior of financial variables in a simple and parsimonious way.
2 As is usual for threshold regimes, "positive" here means above the estimated threshold value.
The basic idea was introduced in a study by Müller et al. (1997) , where the long memory observed in the volatility was explained as the superimposition of only a few processes operating on different time scales. Corsi (2004) proposed a stochastic additive cascade of three different realized volatility components corresponding to the three main different time horizons present in the market: daily, weekly, and monthly. This stochastic volatility cascade leads to simple AR-type models in the realized volatility which also feature a consideration of realized volatilities defined over different time horizons (the HAR-RV models). Although the HAR models do not formally belong to the class of long-memory models, they are able to reproduce a memory decay which is almost indistinguishable from that observed in the empirical data.
The above-mentioned empirical evidence on the high degree of persistence of correlations suggests that the parsimonious HAR models could also be successfully applied to model the time series of realized correlations. Figure 1 shows the autocorrelogram of the empirical stock-bond correlations of our real data application of Section 3 superimposed on the one for correlations obtained simulating data from the HAR model with parameters similar to those estimated from real data.
Insert Figure 1 about here Figure 1 shows that the HAR model is very good at mimicking the persistence present in real data correlations.
A second important stylized fact which must be taken into account when building up a model for the realized correlations' dynamics is the (possible) presence of structural breaks. Various studies in the recent literature on stock-bond correlations already report that stock-bond correlations went from positive to negative after 1997; see for example, Ilmanen (2003) . The reasons given to explain this pattern vary. One relates to market uncertainty and risk, introducing the "flight-to-quality" effect, which suggests the phenomenon of fleeing from stock to bond markets in times of worsening economic conditions (see for example, Ilmanen, 2003; or Connolly et al., 2005) . Another explanation for the change of sign in stock-bond correlations relates to differences in inflation expectations or in the expectations of other macroeconomic variables (see for example, Li, 2002; or Christiansen and Ranaldo, 2006) . Pastor and Stambaugh (2003) found that a kind of "flight-to-quality" effect appears in months with exceptionally low liquidity, that is months in which liquidity drops severely tend to be months in which stocks and fixed-income assets move in opposite directions. In two recent studies, Guidolin and Timmermann (2004) and Audrino and Trojani (2007) incorporated the possible regime shifts in the conditional dynamics of (realized) correlations using regime-dependent models. Guidolin and Timmermann (2004) analyzed the joint dynamics of US stock and bond returns using a Markov regime-switching model, and found empirical evidence of the presence of four different regimes.
Along these lines, we propose a tree-structured local HAR model for the dynamics of tick-by-tick realized correlations which is able to take into account the above-discussed stylized facts of realized correlation series: long-memory and structural breaks. Treestructured models belong to the class of threshold regimes models, where regimes are characterized by some threshold for the relevant predictor variables. The class of treestructured GARCH models was introduced by Audrino and Bühlmann (2001) in the financial volatility literature, and was generalized recently to capture simultaneous regime shifts in the first and second conditional dynamics of returns series, with good results for different forecasting applications (see for example, Audrino and Trojani, 2006) .
Let {RC} t≥1 be the daily tick-by-tick realized correlations computed from tick-by-tick realized covariance and tick-by-tick realized volatility measures, and let { RC} t≥1 be the daily Fisher-transformed (FT) series of the tick-by-tick realized correlations {RC} t≥1 , 3 that is:
3 When considering Fisher-transformed correlations we do not have to impose any restriction on the parameters in the model to ensure the final estimates and forecasts to lie in the [−1, 1] interval. Note, however, that by performing the same tree-HAR analysis on the original correlations, we never got correlation estimates and predictions outside the [−1, 1] interval. The results of the analysis were qualitatively the same. In particular, the estimated regime structure was found to be exactly the same, with comparable local conditional first and second moment dynamics.
We then model the series { RC} t≥1 as:
where {U t } t≥1 is a sequence of i.i.d. innovations following the distribution p U with expected value 0 and variance 1, and E t [·] denotes (as usual) the conditional expectation given the information up to time t. The conditional dynamics of the FT correlations are given by:
where θ = (a j , b
is a parameter vector which parameterizes the local HAR dynamics in the different regimes, k is the number of regimes (endogenously estimated from the data), and RC 
In our study, the relevant predictor variables in X pred t are past-lagged FT-realized correlations, and past-lagged realized volatilities and returns of the two instruments under investigation. All such predictor variables are considered at three different time horizons: daily, weekly, and monthly. We also consider as an additional predictor variable time.
To completely specify the conditional dynamics given in equations (2) and (3) of the FT-realized correlations, we determined the shape of the partition cells R j , which are admissible in the tree-HAR model. Similar to the standard classification and regression trees (CART) procedure (see Breiman et al., 1994) , the only restriction we impose is that regimes must be characterized by (possibly high-dimensional) rectangular cells of the predictor space, with edges determined by thresholds on the predictor variables. Such partition cells are practically constructed using the idea of binary trees. Introducing this restriction has two major advantages: it allows a clear interpretation of the regimes in terms of relevant predictor variables, and also allows us to estimate the model using large-dimensional predictor spaces G.
As an illustration, in our empirical application on US stock-bond realized correlations presented in Section 3, the estimated partition cells are of the form:
where R S&P 500 denotes the (annualized) daily returns of the US S&P 500 Index, and t denotes time. We find a first regime characterized by large losses of the US market index, and second and third regimes in reaction of positive and moderate losses of the US market, with an important structural break in time corresponding to March 1992.
Section 3.2 contains a more structured discussion and interpretation of these results.
Estimation
The tree-HAR model introduced in equations (1) to (3) can be estimated using quasimaximum likelihood (QML). Conditional on some reasonable starting values, the negative quasi-log-likelihood for model (1)-(3) is given by:
Therefore, for any fixed sequence of partition cells, the tree-HAR model can be estimated by QML. The choice of the best partition cells (that is, splitting variables and threshold values) involves a model choice procedure for non-nested hypotheses. Similar to CART, the model selection of the splitting variables and threshold values can be performed using the idea of binary trees. Within any data-determined tree structure the best model is selected using the Bayesian-Schwartz information criterion (BIC). As pointed out by Hansen (1996) , the use of model selection criteria to decide if the inclusion of another regime is relevant in threshold regression models such as the tree-HAR model has the following drawback: the location of the split cannot be estimated consistently when an irrelevant regime is added to the model. To overcome the problem, and also to ensure computational feasibility, we searched for threshold values over fixed grid points that are empirical quantiles of the different predictor variables. 4 For all details about the flexible procedure used to estimate the model, refer to Section 2.3 and Appendix A in Audrino and Trojani (2006) . Proof of the consistency of the conditional mean and volatility estimates in the tree-HAR model under a possible model misspecification can be derived from Theorem 1 in Audrino and Bühlmann (2001) .
3 Empirical application
Data and stylized facts
We considered a tick-by-tick bivariate returns series of the S&P 500 Index and 30-year Following the recent literature on stock-bond correlations, we allow for structural breaks depending on a wide set of predictor variables, directly incorporated in a tree-HAR model specification. In addition to time, we considered as predictors past-lagged US S&P 500 and bond returns and realized volatilities, and past-lagged realized correlations at three different time horizons (daily, weekly, and monthly). The results of this in-sample analysis are shown in the next section.
Estimation results
The analysis starts by estimating the tree-HAR model (1)-(3) on the whole data sample (from January 1990 to October 2003). Estimated coefficients, as well as the estimated regimes, are reported in Table 1 . Classical model-based bootstrapped standard errors are given in parentheses (see Efron and Tibshirani, 1993) .
Insert Table 1 about here Table 1 shows that almost all coefficients in the local dynamics of the conditional mean and variance of the Fisher-transformed (FT) realized correlations (with only one exception) are highly significant. 12.5% of the observations in our sample belong to the first regime, which is characterized by relative large losses of the daily S&P 500 Index, and therefore of the US stock market. 9 In this regime the volatility of the FT-correlations is high and the conditional mean dynamics are highly persistent. Moreover, the long-run mean is negative. This result supports and can be interpreted through the "flight-to-quality" effect already cited several times in the literature; see for example, Ilmanen (2003) . In this regime characterized by bad stock market conditions, stocks and fixed-income assets tend to move in opposite directions, suggesting the phenomenon of fleeing from stock to bond markets.
The second and third regimes are characterized by "relatively good" stock market
conditions. Under such conditions, we identified a structural break in time around March 1992. Before that date, FT-realized correlations are moderately persistent, the long-run mean is positive and small, and volatility is also small. On the contrary, after March 1992 the conditional variance increases (of approximately a factor 2) 10 , conditional mean dynamics of FT-realized correlations become highly persistent, and the long-run mean drastically increases.
The above described regime structure generates a large number of regime switches (from regime 1 and 2 before the structural break in March 1992, and from regime 1 and 3 after the break) that hover around the 10% of the data, independent if we count it before or after the break. The average duration of regime 1 before the break in March 1992 is very short (around one day) and slightly increases after the break (around 1.2 days). There 9 Note that the estimated annualized value of −15.21% reported corresponds to about a negative daily return of −1%. 10 This increase corresponds to a 20% higher conditional variance when the analysis is performed on the original, non-transormed correlations.
is only one period of 5 consecutive days where the local dynamics of the FT-correlations stay in the regime 1. Average duration of regimes 2 and 3 are significantly higher; they are both something less than 2 weeks (around 9.5 days and 8.3 days, respectively).
To end this section, we report the results of different goodness-of-fit statistics: the AIC and BIC criteria, and the mean absolute errors (MAE), the mean squared errors (MSE),
and Ljung-Box (LB) tests at three different lags (5, 20, 50) for the residuals U t in (1).
For the purposes of comparison and to empirically verify whether one of the two effects (i.e. long-memory and structural breaks) is more important, we report the same statistics for different competitors introduced in the literature: the standard AR(1) model, the ARMA(1,1) model, the ARIMA(1,1,1) model introduced for non-stationary time series, a Tree-AR(1) model in the spirit of Audrino and Trojani (2006) , the classical HAR model proposed by Corsi (2004) , and a two-regimes Markov-switching HAR model (RS-HAR).
The last comparison is particularly useful to investigate the possible advantages of using the tree-HAR model specification against a fair competitor that takes into account both long-memory and structural breaks. Results are summarized in Table 2 Insert Table 2 about here The superior ability of models taking into account both long-memory and structural breaks (i.e. the tree-HAR and the RS-HAR models) in estimating the dynamics of the FTrealized correlations is clearly shown by the values of the different goodness-of-fit statistics.
For all performance measures considered, the tree-HAR or the RS-HAR models yield the best results. When neglecting to incorporate in the model long-memory or the possible presence of structural breaks, the estimates obtained for the conditional dynamics of the FT-realized correlations are highly inaccurate. Moreover, incorporating long-memory in the model seems to be more important than allowing for regime-shifts (see the comparison between the classical HAR model and the tree-AR(1) model).
Forecasting results
To better validate the usefulness of the tree-HAR model for the real data under investigation, we examine its forecasting ability, and compare this with the alternative methods introduced in the last section. We performed a series of out-of-sample tests to assess the forecasting power of the tree-HAR model for single-period and multi-period predictions of S&P -US Bond FT-realized correlations. Regarding goodness-of-fit statistics, we again considered the out-of-sample MAE and MSE of the residuals. In addition to these performance measures, we also report results for the out-of-sample log-likelihood in equation (4) in the single-period out-of-sample test, and the R 2 obtained when regressing realizations against forecasts at the same time t (Mincer-Zarnowitz regression).
Single-period forecasts
To derive the daily forecasts we used a rolling strategy. The models are re-estimated every month (22 trading days) using all past data available in the sample. The initial in-sample period is from January 1990 to December 1999. Consequently, we obtained 926
out-of-sample daily forecasts (until October 2003) . Results are summarized in Table 3 .
p-values of superior predictive ability (SPA) tests introduced by Hansen (2005) for the null-hypothesis that the chosen model is not inferior to any of the alternatives are given in parentheses.
Insert Table 3 about here The tree-HAR model yields the best results for two out of the four goodness-of-fit statistics considered; with respect to the MSE statistic, the ARIMA(1,1,1) model is slightly better, and with respect to the log-likelihood the RS-HAR model yields the best result.
Differences measured by the MAE and MSE statistics are in some cases very small and not statistically significant in the cases of the ARIMA(1,1,1), HAR and tree-HAR models. Only models that do not take into account long-memory (i.e. the AR(1), tree-AR(1), ARMA(1,1)) and the RS-HAR model are clearly outperformed by the competitors. However, with respect to the out-of-sample likelihood, the tree-HAR and the RS-HAR models yield significant improvements in the accuracy of the FT-realized correlation forecasts over the competitors. Summarizing, Table 3 suggests that when the focus of the analysis is daily forecasting, the tree-HAR model is the best model to use, because it is the one yielding the best performances in half of the cases and it is never statistically outperformed by the competitors. Improvements will be marginal, depending on the performance measure.
Multi-period forecasts
Practical asset allocation applications typically require correlation forecasts at longer time horizons. Therefore, we performed two out-of-sample tests at weekly (that is, five days) and monthly (that is, 22 days) horizons to assess the accuracy of the multi-period forecasts obtained using the different approaches. Such multi-period predictions are constructed using filtered historical simulation (FHS); see Barone-Adesi et al. (1998 , 1999 . Briefly, FHS works as follows. We generate 10,000 future scenarios at 5 (22) days horizons, bootstrapping the residuals estimated from the different models.
11 The forecast for the 5 (22) days ahead FT-realized correlation is then given by the median of the empirical distribution of the simulated future scenarios.
As in the previous out-of-sample experiment, we used the same rolling strategy and initial in-sample period. Results are summarized in Table 4 . Again, p-values of SPA tests are reported in parentheses.
Insert Table 4 about here
The better forecasting power of the tree-HAR model with respect to all competitors for multi-period predictions is borne out by the results of the SPA tests. Especially for longer-time ahead forecasts (that is, 1 month), the predictions obtained using the tree-HAR model outperform those gleaned from the alternative approaches. Gains over the other competitors are, in most cases, statistically significant.
Conclusions
Combining realized covariances with realized volatilities, we obtained a realized correlation measure where both the volatilities and the covariances are computed from tick-by-tick 11 We considered the stationary bootstrap of Politis and Romano (1994) to account for the possible remaining autocorrelation in the residuals (see especially the Ljung-Box test results given in Table 2 ).
Modification of the implementation to the block bootstrap of Künsch (1989) is straightforward.
data. We then propose a tree-HAR model as a simple and parsimonious representation for the conditional dynamics of the (Fisher-transformed) realized correlations. The tree-HAR model is able to take into account two important stylized facts of realized correlations:
strong temporal dependence (that is, long-memory) and structural breaks.
We estimated the tree-HAR model on the realized correlation series of S&P 500 and US bond returns, finding empirical evidence that the conditional dynamics are subjected to regime changes depending on different values of past S&P 500 daily returns. We also identified a structural break in time, around March 1992.
We then tested the prediction accuracy of the model using SPA tests for different goodness-of-fit statistics finding empirical evidence of its strong predictive power. The tree-HAR model significantly outperforms the competitors, particularly when the final goal is multi-period forecasting.
Given the central role of stock-bond correlations in many practical financial problems, a natural extension of this study is to evaluate the tree-HAR predictions using some economically relevant loss functions, such as portfolio performance and trading strategies, risk-management (i.e. Value-at-Risk and Expected Shortfall), and option pricing.
Although in this study we restricted our focus on the very simple US stock-bond bivariate application to compare our results to those already found in the literature, the same methodology can be generalized to other, more structured case studies. These and other investigations are left for future research.
volatility. Forthcoming in the Special Issue of Econometric Reviews on Realized Fisher-transformed (FT) realized correlation series of S&P 500 and US bond returns.
The sample period is from January 1990 to October 2003, for a total of 3,391 daily observations. R S&P 500 and t denote the past-lagged daily S&P 500 return and time, respectively. Model-based bootstrap standard errors computed using 1,000 replications are given in parentheses.
In-sample performance results AIC BIC MAE MSE LB(5) LB (20) LB (50) AR ( 
